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Abstract
A model of two-dimensional quantum gravity that is the analog of the
tensionless string is proposed. The gravitational constant (k) is the analog of
the Regge slope (α
′
) and it shows that when k →∞, 2D quantum gravity can
be understood as a tensionless string theory embeded in a two-dimensional
target space. The temporal coordinate of the target space play the role of
the time and the wave function can be interpreted as in standard quantum
mechanics.
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The quantization of gravity in comparison with other physical fields is a problem fun-
damentally different because in gravity the spacetime itself evolves dynamically and the
concepts of time and wave function seem be very differents as is usually assumed in quan-
tum mechanics [1].
In the last years many efforts has been realized in order to understand these problems
using differents points of view [2], however the full problem it is still difficult and it seems
to suggest that simplifications should be introduced in order to reach a more complete
understanding.
In this letter we would like to present a new route in the solution to these problems
proposing a two-dimensional gravity model that is the analog of string theory in the limit
α
′ →∞ (i.e. tensionless string theory). This model can be more easily interpreted that 2D
full gravity and could throw some light to these fundamental problems.
More precisely, we will show below that; a) k is just the analog of the Regge slope α
′
and the limit k → ∞ correspond to the strong coupling regime of gravity, b) 2D quantum
gravity in the strong coupling limit is exactly a tensionless string theory embeded in a two-
dimensional target space with the temporal coordinate playing the role of time, c) The wave
function can be interpreted as in conventional quantum mechanics with the target space
considered as genuine spacetime.
The Model
Before to discuss our problem, let us start considering some basic issues of string theory.
The action of string theory is
S = −T
2
∫
d2σ
√−ggαβ∂αxµ∂βxνηµν , (1)
where T = 1/α
′
is the tension and it is a parameter that appear in (1) in order to have a
dimensionless expression.
Once the equation (1) is established one could try to take the limit T → 0 (tensionless
limit) and to study the consequences involved, but infortunately, this action is not well
defined and one must modify (1) in order to have a smooth behaviour.
2
The tensionless limit at the level of the action is a problem that was studied by Schild
many years ago [3] and after considered by several other authors [4–8] in differents contexts.
In essence the procedure delineated above is equivalent to make the hamiltonian formu-
lation of (1) and to take directly the tensionless limit in the constraints
H⊥ = 1
2
(p2 + T 2x
′2
), H1 = px′ (2)
because in such limit one replace (2) by
H⊥ = 1
2
p2, H1 = px′ (3)
and the algebra of constraints becomes
[H⊥(σ),H⊥(σ′)] = 0,
[H⊥(σ),H1(σ′)] = (H⊥(σ) +H⊥(σ′))δ′(σ − σ′), (4)
[H1(σ),H1(σ′)] = (H1(σ) +H1(σ′))δ′(σ − σ′).
A careful analysis of the action in the tensionless limit reveal that g = det(gαβ) is vanishes
and, as a consequence, all the points of the string moves with the velocity of the light.
Thus, one see the constraints of the tensionless string as describing a set of infinite
massless relativistic particles (one for every point along the string) suplemented by the
transversality condition px
′
= 0.
Now, we would like to construct an analog model for 2D gravity.
Two-dimensional gravity is described by the following action
S = −1
2
∫
M
d2σ
√−g
[
1
k
gαβ∂αφ∂βφ+Rφ+
1
4
√
k
µ2eφ
]
, (5)
where M is the manifold where the theory is defined, gαβ the two dimensional metric, R
the scalar curvature, µ2 the cosmological constant and k the gravitational constant.
The constraints derived from (5) are [9,10,6]
H⊥ = 1
2
[−4k (g11π11)2 + 1
k
φ
′2 − 4
√
k (g11π
11)Pφ − 1√
k
g
′
11
g11
φ
′
+ 2φ
′′
+
1
4
µ2g11 e
φ/
√
k],
H1 = Pφφ′ − 2g11π′11 − π11g′11, (6)
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where παβ is the canonical momentum associated to gαβ.
In order to simplify the structure of (6) is more convenient to perform a set of three
successives canonical transformations namely;
i) We replace in (6) the transformation
π = π11g11, χ = ln g11. (7)
in order to reexpress the non-local term that appears in H⊥,
b) We rescale Pφ and φ
b =
√
kPφ, φ˜ =
φ√
k
, (8)
c) The constraints are diagonalized by means
ψ = φ˜− 1
2
χ, b = Pφ
χ = χ, P = π + 1
2
Pφ, (9)
where (χ, P ) and (ψ, b) are pairs of canonical variables.
Using (7)-(9), the constraints are
H⊥ = 1
2
[
b2 +
1
k
ψ
′2 − 4P 2 − 1
4k
χ
′2
+
2
k
ψ
′′
+
1
k
χ
′′
+
1
4k
µ2e[(
√
k+1/2)+ψ]/
√
k
]
,
H1 = bψ′ + Pχ′ − 2P ′ + b′ . (10)
Taking the ‘tensionless limit’ (i.e. k →∞) in (10), one find
H⊥ = 1
2
[b2 − 4P 2],
H1 = bψ′ + Pχ′ − 2P ′ + b′ . (11)
Thus, the limit k → ∞ cancel the self-interactions that comes from of the cosmological
term and (11) satisfy exactly the algebra (4). In consequence, these constraints are the
analog of the tensionless string for the 2D gravity case.
The action for this gravity model is
S =
∫
d2σ [bψ˙ + P χ˙−NH⊥ −N1H1], (12)
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and it is invariant under the following transformation
δψ = ǫb+ ǫ1ψ
′ − ǫ′1,
δχ = −4ǫP + ǫ1χ′ − 2ǫ′1,
δb = −(ǫ1b)
′
,
δP = −(ǫ1P )
′
, (13)
δN = ǫ˙+N
′
ǫ1 −Nǫ′1 +N
′
ǫ−N1ǫ′ ,
δN1 = ǫ˙1 +N
′
1ǫ1 −N1ǫ
′
1,
provided that
ǫ(τ2, x) = 0 = ǫ(τ1, x). (14)
This last equation suggest that [12]
N˙ = 0, N1 = 0. (15)
is a good gauge condition and the equations of motion are easily solved giving the general
solution
ΦA(σ, τ) = αAτ + βA, (16)
where ΦA = (ψ, χ).
So, one see that the solutions of 2D gravity in the strong coupling limit corresponds to
an infinite set of free relativistics particles.
Quantization
Now, we quantize the model proposed above following the path integral approach. How-
ever, before to write a formula for the propagation amplitude one should note that in the
strong coupling regime (unless one specify special boundary conditions) there are not anoma-
lies in the definition of the functional measure1.
1Our previous work [6] on tensionless string theories could be an exception, however here alway
we will assume that the Weyl ordering is implicit.
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Having in account this fact and assuming like-particle boundaries conditions for our
variables
ψ1 = ψ(τ1, σ), ψ1 = ψ(τ2, σ)
χ1 = χ(τ1, σ), χ2 = χ(τ2, σ), (17)
the propagation amplitude in the proper-time gauge becomes
G[χ2, χ1;ψ2, ψ1] =
∫
DNDN1DbDψDPDχ δ[N˙ ] δ[N1] det(M)
× exp
[
i
∫
d2σ
(
bψ˙ + P χ˙−NH⊥ −N1H1
)]
, (18)
where the Faddeev-Popov determinant is computed using (13) and the result is
det(M) = det

 ∂2τ + N˙
′
1 +N
′
1∂τ − N˙1∂τ −N1∂τ∂σ N˙ +N ′∂τ − N˙∂τ −N∂τ∂σ
0 ∂τ +N
′
1 −N1∂σ

 . (19)
The explicit calculation of (19) in the proper-time gauge is straightforward and only con-
tributes with a constant.
After to integrate in N1 and in the canonical momenta, we obtain
G[χ2, χ1;ψ2, ψ1] =
∫ ∞
0
∏
σ
dN(σ)
∫
DψDχei
∫
d2σ 1
2N
(ψ˙2− 1
4
χ˙2), (20)
where the integral in N(σ) is a consequence of the gauge choice and their limits have in
account the causality principle.
At this point, one might be tempted to interpret the action (20) as describing two
massless relativistics particles moving in 1+0 dimensions, but the lack of Lorentz invariance
say us that this interpretation is erroneous. The right interpretation is to observe that (20)
describes an infinite set of massless relativistic particles moving in a flat two-dimensional
target space in accordance with the action
S =
∫
d2σ[
1
2N
ηABΦ˙AΦ˙B ],
=
+∞∑
k=−∞
∫
dτ
1
2Nk
ηABΦ˙kAΦ˙kB, (21)
where the 2-vector ΦA has components (ψ,
1
2
χ) and ηAB is the Minkowski metric.
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Once this observation is made, then one argue that the quantum dynamics naturally
takes place on a spacetime where the 2-vector ΦA is the ‘2-position’ with Φ0 = ψ playing
the role of time.
So, the propagation amplitude
G[Φ2,Φ1] =
∫ ∞
0
dN(σ)
∫
DΦAei
∫
d2σ 1
2N
ηABΦ˙AΦ˙B ,
=
∞∏
k
(∫ ∞
0
dNk
∫
DΦkAei
∫
dτ 1
2Nk
ηAB Φ˙kAΦ˙kB
)
, (22)
and the wave function can be interpreted as in conventional quantum mechanics.
From (22) one should note that the basic quantum associated to the 2D quantized
gravitational field (‘gravitons’) are simply massless relativistic particles moving in a two-
dimensional spacetime. Thus, at this level, 2D quantum gravity in the strong coupling
limit and tensionless string theory living in a two-dimensional target space become the same
concept.
The propagator (22) can be computed discretizing (17)
ΦkA(τ1) = ΦkA1, ΦkA(τ2) = ΦkA2. (23)
As is usual in the quantization of the relativistic particle one can make the change of variables
ΦkA(τ) = ΦkA +
∆ΦkA
∆τ
(τ − τ1) + ΘkA(τ) (24)
where Θk,A is a quantum fluctuations that satisfy
ΘkA(τ2) = 0 = ΘkA(τ1). (25)
Replacing (24) in (22) one find
G [Φ2,Φ1] =
∞∏
k
(∫ ∞
0
dTkT
−1
k e
i
2Tk
(∆Φk)
2
)
, (26)
where Tk = (τ2 − τ1)Nk and the path integral in Θ was computed using (25).
The integrals that appears in (26) are infrared divergents and one can compute it intro-
ducing a massive regulator (plus a Wick rotation), the final result is
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G [Φ2,Φ1] =
∞∏
k
(
ln |∆Φk|
)
= ln |∆Φ| (27)
where |∆Φ| =
√
∆ψ2 − 1
4
∆χ2.
The interactions in this model of gravity only can be understood if the mechanism that
generate dynamically the ‘tension’ terms are known. So, in this sense, 2D quantum gravity
in the strong couplig regime is the analog of an ordinary gauge theory before to break the
gauge symmetry (or probably a topological field theory [13]).
The results described above also can be extended when the gravity is coupled to matter
fields. In such case the constraints (11) are modified by
H⊥→H⊥ +
N∑
i=1
1
2
P 2i ,
H1→H1 +
N∑
i=1
Pif
′
i , (28)
where fi are N matter fields and Pi their conjugate momenta. The new terms in (11) are
set out in such way that the algebra (4) is holds.
When the quantization of (28) is considered, matter and gravity appears factorized and
the full propagator is simply a product of two propagators.
The reader should note that the ‘graviton’ in the model presented above appears after
that the variables were (non-locally) redefined and the covariant structure of the target space
emerged. This point of view is quite different compared with the standard graviton; it could
be an indication that the spacetime should be replaced by another concept in a quantum
theory of gravity.
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